Abstract-Recent developments in high-speed interconnects show a clear tendency towards higher bitrates, emphasizing the need for a reliable prediction of the waveguide behavior. We present a frequency domain eigenmode analysis of isotropic waveguides using a boundary element method. Some properties of the dispersion curves can be beneficially leveraged into the numerical framework for calculating the waveguide characteristics as a function of frequency. The method allows the incorporation of highly conductive materials, which is demonstrated in a numerical example.
I. INTRODUCTION
Accurate prediction of waveguide characteristics, comprising modal dispersion curves and eigenmode profiles as a function of frequency, are primordial in the design of highspeed interconnects and waveguides. They predict all occuring wave phenomena, including crosstalk and signal losses. There is a large number of numerical techniques available for the eigenmode analysis of uniform waveguides [1] , but we will only briefly discuss the two predominant methods.
On the one hand, finite difference and finite element techniques have been used to analyze dielectric waveguide structures [2] , [3] . They allow an easy incorporation of inhomogeneous material regions, and the waveguide's propagation constants and eigenmode profiles follow naturally from an eigenvalue analysis of the (sparse) system matrix.
Boundary element methods (BEM) embody another important technique, and have been thoroughly discussed for multilayered media in the past [4] , [5] . Their benefits are the natural simulation of open waveguides, thanks to the inherently satisfied radiation condition, and the need for fewer unknowns than a finite difference or finite element technique. The main drawback is the less trivial eigenmode analysis based on the search of complex zeros of the system matrix's determinant.
This contribution states important properties of the numerically obtained dispersion curves using a BEM. These properties are leveraged in a numerical implementation to yield an efficient eigenmode analysis of isotropic waveguides. A numerical example illustrates the eigenmode analysis of the fundamental modes of a pair of coupled microstrip lines on a finite substrate, and is compared with published results [6] .
II. GEOMETRY AND INTEGRAL EQUATIONS
The waveguide cross section under study consists of connected homogeneous isotropic media Ω i , with permittivity i ∈ C and permeability μ i ∈ C (Fig. 1) . There is one unbounded medium, called the background medium and denoted Ω 0 . The geometry is translation-invariant in the z-direction. In an eigenmode analysis, we are interested in non-trivial solutions of the homogeneous time-harmonic Maxwell equations (e jωt convention) that have an e −jβz dependence. This leads to representation formulas for the fields that depend on the parameters ω, β ∈ C [1] . Imposing continuity of the tangential fields at the medium boundaries, and introducing the two-dimensional version M of the PMCHWT operator [7] -[9], leads to the following system for the tangential traces of the fields:
The Green's function in medium Ω i is given by
0 (γ i r), with r the distance between the source and observation point,
the zeroth order Hankel function of the second kind. For fixed ω, the branch cuts of γ i , denoted B i (ω), are chosen on the hyperbola in the β-plane such that γ i ≤ 0, ensuring the radiation condition at infinity in the background medium.
III. PROPERTIES OF THE DISCRETIZED SYSTEM
The continuous operator M is discretized by restricting the unknown equivalent currents to a finite-dimensional sub-space, followed by testing the continuity equations using the method of moments (MoM). The MoM system matrix is denoted M(ω, β), with D(ω, β) = det M(ω, β). We call β 0 a propagation constant of the waveguide at the frequency
The following theorems discuss the analyticity of the determinant and the behavior of a dispersion curve as a function of frequency [1] . . A physical example of this situation is the bifurcation of a mode into two complex modes [10] . However, the bifurcation of β 2 (ω) at ω 0 is not possible, as it would violate Theorem III.2. The following theorem provides a connection between the multiplicity of a propagation constant and the dimension of the null space of the system matrix. 
with M i ∈ C n×n and, as β 0 is a zero of the determinant function, det M 0 = 0. Suppose the dimension of the null space of the matrix M 0 is equal to ν 0 , i.e. ν 0 = ν(M 0 ) = ν(M(ω 0 , β 0 )). Now let us write the determinant function in the following form:
with α j ∈ C, with α 0 = 0. Let us look at a term α j (β − β 0 ) j for 0 < j < ν 0 . It can be seen that α j can be written as a sum of determinants of matrices M 0 with k ≤ j rows replaced by corresponding rows of the matrices M i (for i > 0). Because only k ≤ j < ν 0 rows are replaced in this process, the untouched n − k rows of M 0 will be linearly dependent, implying α j = 0 for j < ν 0 , and thus ν(M(ω 0 , β 0 )) ≤ ν(β 0 ).
IV. EFFICIENT NUMERICAL FRAMEWORK
In this section, we present an efficient numerical framework for the eigenmode analysis of isotropic waveguides. The implementation is simplified after leveraging the stated theorems.
A. Determination of the Propagation Constants
In a first step, we determine the propagation constants of the waveguide at a fixed frequency ω 0 > 0, in a rectangle
, the number of propagation constants inside R (counted with their multiplicity) is given by the following contour integral:
This contour integral can be reliably determined based on relatively few values of the determinant, using the argument principle [11] . If N R > 0, R is subsequently partitioned into four rectangles for which (4) is again calculated, reusing the values of the determinant on ∂R. This procedure is iteratively applied until the rectangle is considered small enough. At that stage, we assume there is a single propagation constant in R, with multiplicity ν(β 0 ) = N R . Its location can be determined by calculating the following contour integral:
This integral is numerically approximated with an adaptive Gauss-Kronrod quadrature rule.
B. Determination of the Dispersion Curves
The propagation constant β 0 with multiplicity ν(β 0 ) at the frequency ω 0 is used as a seed value to calculate the dispersion curve β(ω) with β(ω 0 ) = β 0 , at the frequency points ω j , with ω i < ω j and 0 ≤ i < j ≤ N . Assuming that β(ω) crosses no branch-cut or other dispersion curve for ω ∈ [ω 0 , ω N ], the dispersion curve is smooth (Theorem III.2). This allows to use an extrapolation method to estimate the location of the propagation constant at ω j , if the previously calculated values β(ω i ) are known, thus reducing the initial box R of the previous section and thereby reducing calculation time. In the numerical implementation, an additional check ν(β(ω j )) = ν(β 0 ) is performed (Theorem III.2).
C. Calculation of the Cross-sectional Eigenmode Profiles
The cross-sectional eigenmode profiles, i.e. the electric and magnetic field distribution of the eigenmodes corresponding to a propagation constant β 0 at the frequency ω 0 , are calculated from the tangential boundary fields using representation formulas. The eigenvectors in the nullspace of M(ω 0 , β 0 ) are the expansion coefficients of the tangential traces of the eigenmodes on the material boundaries. The number of linearly independent eigenvectors is upper bounded by ν(β 0 ) (Theorem III.3).
V. NUMERICAL EXAMPLE

A. Coupled Microstrip Lines on a Finite Substrate
The presented method allows an efficient eigenmode analysis of a pair of coupled microstrip lines on a finite substrate and ground conductor (inset of 3 shows the real part of the propagation constant of the two fundamental modes, normalized to the free space wave number k 0 = ω √ 0 μ 0 , as a function of w/λ 0 = wf /c, with c the speed of light in vacuo and f varying between 7 GHz and 70 GHz. At high frequencies, the curves coincide with published results for the microstrip pair with perfect conductors and infinite substrate and ground plane [6] . The electric and magnetic field of the eigenmodes at high frequencies ( and 6) are mostly confined in the substrate region directly below the microstrip lines, so that the finity of the substrate has no major influence on the propagation constants. The imaginary part of the propagation constant of the two fundamental modes is shown in Fig. 4 , and represents the waveguide losses that are caused by the finite conductivity of the conductors. For a waveguide of length l, the power loss of a propagating eigenmode is equal to 1 − e 2l β . Observe that the power loss increases with frequency, which is caused by two phenomena. First, the thickness of the skin effect layer in the conductors decreases with frequency, which increases the resistance per unit length ( √ f behavior). Second, at higher frequencies, the current in the microstrip lines is mostly flowing on the bottom edge and is less spread over the conductor boundary than at lower frequencies (this can be observed from the magnetic field distribution in Fig. 6 ), which further increases losses.
VI. CONCLUSIONS
This contribution presents analytic properties of the dispersion curves of isotropic piecewise homogeneous waveguides, obtained using a boundary element method. Taking these properties into account leads to an efficient numerical framework for the waveguide eigenmode analysis. A numerical example demonstrates the eigenmode analysis for a pair of coupled microstrip lines with finite electric conductivity on a finite substrate and is compared with published results.
